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We consider Zee’s set Gn which is defined as the set of numbers that are

relatively prime with respect to the integer n, that is, the greatest common
divisor (GCD) of a member of the set and n is 1. Note that the elements of
Gn need not be prime numbers themselves; all that is required is that the
GCD of each element and n is 1.

For example, G10 = {1,3,7,9}, since no integer greater than 1 divides
any member of G10 and 10.

The claim is that the set Gn is also a group, with multiplication defined
as the product of two group elements modulo n. To show this, we need to
verify the group axioms.

First, since every Gn contains 1, 1 is the identity element, since the prod-
uct of any number and 1 (modulo n) is just the same number.

Second, since multiplication (either ordinary multiplication or modulo
multiplication) is associative, the group multiplication is associative.

The other two properties, closure and inverse, are a bit trickier. To verify
closure, we need to show that if m1 and m2 are members of Gn, then so is
m1m2 mod n. By the definition of Gn, m1 and m2 have no factors in com-
mon (apart from 1). Suppose we assume the contrary: that m1m2 mod n
and n have a common factor, call it d, greater than 1. That is, we’re as-
suming that m1m2 mod n is not in Gn. Then (in what follows, all symbols
refer to integers):

n= kd

m1m2 mod n= jd
(1)

From this we have

m1m2 = jd+ `n (2)
= jd+kdn (3)

= (j+kn)d (4)

By assumption, both m1 and m2 are in Gn, so they both have a GCD
of 1 with respect to n. Thus no factor of either m1 or m2 (except 1) is
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m1

m2
1 3 7 9

1 1 3 7 9

3 3 9 1 7

7 7 1 9 3

9 9 7 3 1
TABLE 1. Multiplication table for G10.

also a factor of n, so no factor of m1m2 can be a factor of n. However,
from 1 and 4, both n and m1m2 have a common factor d > 1, so we have a
contradiction. Thus the GCD of m1m2 mod n and n must be 1 and m1m2
mod n ∈Gn. The closure property is satisfied.

Finally, we need to show that every element of Gn has an inverse. To
show this, we use the lemma from a previous post, which states

Lemma 1. If a and b are relatively prime (that is, their greated common
divisor is 1), then there are integers x and y such that

xa+yb= 1 (5)

If we set b= n and a=m where m ∈Gn, then we have

xm+yn= 1 (6)
If we apply the mod n operation to both sides, we get

xm mod n= 1 mod n= 1 (7)
Thus xm mod n= 1 and x is the inverse of m. Can we be sure that x∈Gn?
Yes, we can always choose x so that 0 < x < n since if x > n, we can
subtract a multiple of n from x and incorporate this into the yn term.

Since multiplication is commutative, Gn is abelian.

Example 1. Consider G10 = {1,3,7,9}. The multiplication table is Table
1.

Since G10 contains 4 elements, we might think it is isomorphic to the
group Z4 = {1, i,−1,−i} consisting of the fourth roots of 1. This is in fact
true, as we can see if we map elements from G10 into Z4 as follows. We
map 1 7→ 1, 3 7→ i, 7 7→ −i and 9 7→ −1. We then get the multiplication
table 2.

By comparing entries in the two tables, we see they are isomorphic.
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z1

z2
1 i −i −1

1 1 i −i −1

i i −1 1 −i

−i −i 1 −1 i

−1 −1 −i i 1
TABLE 2. Multiplication table for Z4.


